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We derive from first principles the existence of a low-frequency plasmon in a strongly coupled
three-dimensional homogeneous electron gas (HEG). From its dispersion and its satisfaction of the
3rd frequency sum rule we identify it with the conjectured magnetic excitation [1] in the HEG. This
excitation, is maintained by the out-of-phase oscillations of the spin-up and spin-down densities of the
electron liquid, but governed solely by the Coulomb interaction between the particles. The frequency
square of this mode is proportional to the overlap (r = 0) (absolute) value of the spin-up/spin-down
correlation function, and thus slightly affected by, but not contingent upon the degree of polarization
of the electron liquid. We estimate the spectral weight of the mode: it is expected to be governed
by electron-electron collision induced spin drag [2]. The spectral weight is manifest in the partial
spin-resolved dynamical structure functions and it is proportional to the product of the densities
of the two spin components. An independent derivation based on a generalized Feynman Ansatz
corroborates our result. The relationship to the recently identified [3] “spin plasmon” excitation is
discussed. It is pointed out that a scattering experiment with polarized neutrons or polarized X-rays
may be possible avenues to observe equilibrium fluctuations associated with these modes and also
to provide information on the spin drag coefficient in the HEG.
PACS numbers: 71.10.Ca, 52.27.Gr, 52.27.Cm, 71.45.Gm, 67.10-j
The existence of plasmons in many-body systems in-
teracting through a Coulomb potential (quasi-uniform
plasma, homogeneous electron gases (HEG), etc.) with a
characteristic oscillation frequency, the plasma frequency
ωp =
√
4piZ2e2n/m (the symbols having their usual
meaning), was first observed by Tonks and Langmuir [4].
Its theoretical analysis started with the work of Vlasov
[5]. Landau’s subsequent criticism [6] of some aspects
of Vlasov’s work led to a deeper understanding of the
wave-particle interaction and the ensuing damping mech-
anism. The identification of plasma oscillations as a col-
lective excitation is due to the pioneering series of works
by Bohm, Gross and Pines [7], who also introduced the
Random Phase Approximation (RPA). It was also Bohm
and Gross (BG) [7] who determined the eponymous wave
number k-dependent positive dispersion of the plasmon,
caused by the random motion of the particles. The un-
derstanding of the central role plasma oscillations play
in the dynamics of the degenerate electron gas arrived
through the series of contributions by Pines and Nozieres
[8] who developed the theory of plasma oscillations in
the electron gas through the application of the RPA (see
also[9]). Soon, however, it became clear that both the
classical Vlasov treatment, its quantum equivalents [10],
the BG collective coordinate technique, and the RPA
share a common underlying theoretical foundation and
are appropriate for weak coupling only. Here the coupling
strength is defined as the ratio of the potential energy
of the particles to their kinetic energy. This for quan-
tum systems is rs = a/aB, (where a is the Wigner-Seitz
radius, aB the Bohr radius) while the classical equiva-
lent is Γ = e2/(akBT ) (the symbols having their usual
meaning). Motivated by the case of the electron gas in
metals where rs > 1, it was Singwi and collaborators
[11] who made the first serious attempts to study the
effect of strong coupling on the properties of the plas-
mon. However, protected by the Kohn sum rule [12], the
plasmon is an extremely robust excitation, unaffected by
correlations, i.e. the plasma frequency is rs independent.
Therefore, all the correlational effects are absorbed by the
wave number k-dependence of the dispersion.
The physics of the strongly coupled HEG (or, rather,
homogeneous electron liquid) has by now been studied
through a large body of theoretical (for a recent sum-
mary see [13]) and computer simulation works [14–18].
It is well understood that in fact the HEG behaves as a
binary system consisting of spin-up and spin-down com-
ponents. In this binary spin liquid due to exchange, pairs
of electrons with parallel or anti-parallel spin orientations
correlate differently. As a result, the interaction energy
of the pair depends on the relative spin orientations. This
feature leads to the possibility of different phases of the
HEG as in the higher coupling domain the two compo-
nents separate in momentum space and the system be-
comes polarized. Computer simulations show that up
to rs = 40 the HEG is still paramagnetic; a continuous
second-order transition from the fully unpolarized phase
to a partially polarized phase is predicted at rs = 50± 2
and the system becomes ferromagnetic near the Wigner
lattice transition, around rs ∼= 100 [17].
It was realized as early as 1973 that the impact of the
two-component character of the HEG must be manifest
in the various dynamical characterization of the system.
In the classic papers of Goodman and Sjolander [1] and
2Singh and Pathak [19] it was shown how the 3rd frequency
moment sum-rule coefficient is affected by this feature of
the HEG. Further works clarified that in addition to the
standard density dynamical structure function (DSF) an
additional “magnetic” DSF constructed from the differ-
ence between the fluctuations of the up and down spin
densities plays a role [1, 13]. Utsumi and Ichimaru [20]
conjectured the possible existence of a longitudinal out-
of-phase spin density oscillation (OPO) mode, but came
to the (erroneous) conclusion that it cannot exist within
a physical range of coupling values. Atwal and Aschroft
[21] focused attention on the magnetic DSF and based
on a phenomenological study concluded that the OPO
excitation should exist.
Thus, by now there is a convergence of studies pointing
at the likelihood of an OPO mode. There is no conclusive
first principles based evidence, though, of the existence
of this mode. Moreover, in the absecnce of an underlying
dynamical model, nothing is known about its dispersion
characteristics and spectral weight.
It is important to understand that the model Hamil-
tonian, from which the indications for the existence of
the OPO are derived, similarly to that used in this work,
does not distinguish between the interactions of parallel
and anti-parallel pairs: both are simple Coulomb forces.
For the system to exhibit an out-of-phase oscillation, the
different correlations play the role of physical markers.
For this reason the RPA description of a binary mix-
ture doesn’t show the existence of the OPO (see, how-
ever, the comment in the summary below) and it is the
strongly coupled phase of the HEG where one should
look for the excitation of this mode. It is well estab-
lished by Molecular Dynamics simulations [22] and the-
oretical analysis [23] that classical charged particles ex-
hibit quasi-localization in the strongly coupled phase, i.e.
they are trapped in fluctuating local potential minima,
and it is the oscillation of these temporarily caged par-
ticles that govern the formation of the collective modes
in the strongly coupled domain. It is expected that the
strongly coupled HEG behaves in a similar fashion: this
is corroborated by recent works by Drummond et al. [24].
In this Letter we contend that a recent series of work on
the strongly coupled classical binary systems of charged
particles (binary ionic mixtures - BIM) [25, 26] opens
a new way to approach the fundamental physics of the
OPO. In particular, the Quasi-Localized Charge Approx-
imation (QLCA) [23] which was originally developed for
strongly coupled classical systems, should provide an ap-
propriate framework for the description of the collective
excitations in the HEG as well. The QLCA has been ver-
ified by simulations [27] and experiments [28] and as such
may be considered a well-tested approximation scheme.
We now proceed to calculate the dispersion and the
spectral weights of the collective excitations of the HEG
by the QLCA approach. We describe the system as a bi-
nary Coulomb mixture of N↑ spin-up and N↓ spin-down
electrons (N = N↑+N↓ and total density n) immersed in
a neutralizing uniform background of smeared out pos-
itive charges at T = 0. As to the dissipative processes
in the system, we recall that Landau damping should
be negligible at strong coupling values. Focusing, then,
on collisional damping, one observes that at k = 0 the
intraspecies damping vanishes, due to momentum conser-
vation [2]. The damping in this domain is due to inter-
species collisions, whose effect may be described in terms
of a viscous drag force proportional to γ|v↑(r) − v↓(r)|,
where v↑,v↓ are the local hydrodynamic velocities of the
spin-up, spin-down components and γ is the drag coeffi-
cient [26]. The soundness of this approach in conjunction
with the QLCA (collisional QLCA) method for other sys-
tems has been corroborated by a series of computer sim-
ulations, which have provided excellent agreement with
calculations based on the model. The issue of the viscous
damping (“spin drag”) has been studied both theoreti-
cally [29], and proved experimentally [30].
In the collisional QLCA approach, we use the colli-
sional dynamical matrix
GAB(k, ω) = −iωRAB + CAB(k), (1)
where CAB(k) is the QLCA dynamical matrix for a gen-
eral two-component system [23]
CαβAB(k) = −
∫
d3r
4pi
{
ω2ABψ
αβ(r) [1 + hAB(r)] e
−ik·r
− δAB
∑
C
Ω2ACψ
αβ(r) [1 + hAC(r)]
}
+ δABδ
µν
∑
C
1
3
Ω2AC , (2)
ψαβ(r) =
∂2
∂rα∂rβ
1
r
=
1
r3
(
3
rαrβ
r2
− δµν
)
− 4pi
3
δαβδ(r),
(3)
and RAB represents the damping contribution
R = ν
(
c2 −√c1c2
−√c1c2 c1
)
. (4)
Here ν = γn/2m is a nominal collisional frequency de-
termined solely by the relevant two-body dynamics. The
indices A,B,C designate the spin species, α, β the Carte-
sian coordinates, hAB(r) is the pair correlation function
between particles in species A and B (note that the two-
particle distribution function is gAB(r) = 1 + hAB(r)),
ω2AB =
4pie2ZAZB
√
nAnB√
mAmB
,Ω2AC =
4pie2ZAZCnC
mA
are the
nominal plasma and Einstein frequencies, respectively,
and ZA,mA the charge number and mass of species A.
(See Supplement for details of the derivation). While this
derivation is based on classical dynamics, it is expected,
as made plausible above, that in the quasi-localized phase
3of the HEG, it provides a reliable description of the sys-
tem. It also should be noted that the hAB(r) correla-
tion functions represents an independent input and they
should be obtained through the correct quantum dynam-
ics.
Here we are interested in the longitudinal modes only.
In particular, we consider their behavior at long wave-
lengths where the salient features of the mode struc-
tures come into focus. Accordingly, for a system of equal
masses and charges, the longitudinal projection of eq. (2)
gives the longitudinal dynamical matrix elements as
C↑↑(k → 0) = ω20
(
c↑ − c↓
3
h↑↓(0) +
2
15
k2c↑I↑↑
)
, (5)
C↓↓(k → 0) = ω20
(
c↓ − c↑
3
h↑↓(0) +
2
15
k2c↓I↓↓
)
, (6)
C↑↓(k → 0) = ω20
√
c↑c↓
(
1 +
1
3
h↑↓(0) +
2
15
k2I↑↓
)
, (7)
where cA = nA/n and IAB =
∫
dr rhAB(r) is pro-
portional to the exchange-correlation potential energy
density. The crucial feature of the expressions above
is the appearance of the hAB(0) terms, i.e. the
values of the pair correlation functions at r = 0.
This, in turn, is the consequence of the singular term
(4pi/3) δµνδ(r) [1 + hAB(r)] in eq. (3). This term, has
the trivial values h↑↓(0) = 0 in the weak coupling RPA,
and h↑↓(0) = −1 in the classical BIM. It also plays an im-
portant role in atomic systems, where the wave-function
and the two-particle function g(r) have a non-vanishing
value at r = 0 [31]. Here, it is the crucial element that
drives the out-of-phase oscillation of the system.
The complex oscillation frequencies are the solutions
of the dispersion relation ||ω2δAB −GAB(k)|| = 0, which
in the long wavelength limit and to lowest order in ν are
Ω2+(k) = ω
2
+(k), Ω
2
−(k) = ω
2
−(k)− 2iνω−(k), (8)
with the real eigenfrequencies
ω2+(k → 0) = ω20
[
1 + U(c↑, c↓)k2
]
, (9)
ω2−(k → 0) = ω20
[
−1
3
h↑↓(0) + V (c ↑, c↓)k2
]
, (10)
where U(c↑, c↓) = 215
(
c2↑I↑↑ + 2c↑c↓I↑↓ + c
2
↓I↓↓
)
and
V (c↑, c↓) = 215c↑c↓ (I↑↑ − 2I↑↓ + I↓↓). Eq. (9) represents
the well-known plasmon excitation. The new feature is
the emergence of the OPO as a dynamical excitation ω2−
of the system, eq. (10), wholly maintained, as expected,
by the anti-parallel spin pair correlation function, h↑↓(r)
evaluated at r = 0. ω− can be identified with the char-
acteristic frequency that emerges from the 3rd frequency
magnetic sum rule [1, 2, 13, 20, 21]. This is the main
statement of the present work.
The expression for ω− exhibits the seemingly para-
doxical independence of c↑ and c↓, showing that it does
not vanish even when one of the concentration does. It
should be realized, however, that it is not the frequency,
but the spectral weight of the mode that determines its
persistence. It will be shown below eq. (14), that this
latter quantity has the expected behavior indeed. As
to the polarized vs. unpolarized ground state the plas-
mon frequencies at k = 0 have no explicit dependence
on the degree of polarization of the electron liquid (al-
though there is an implicit dependence through h↑↓(r)
[15, 18], see also [32]); however, the k-dependent coeffi-
cients do. The k-dependence, to lowest order in k, can
be determined through the IAB integrals, which require
the input of all three spin-resolved correlation functions.
Such spin-resolved pair correlation function data were re-
cently generated from diffusion Monte Carlo simulations
and are available for the unpolarized HEG up to rs = 20
and for the polarized HEG at rs = 3 (see Fig. 2,3 of
Ref.[18] or Ref. [16] for rs = 0 − 10). These data ap-
pear to share one common feature: h↑↓, h↓↓ < 0, whence
I↑↓, I↓↓ < 0. Thus, the dispersion of the OPO eq. (10)
appears to be negative. This is, however, true only to
the extent that the positive BG contribution is negligible
(i.e. the O(k4) term in eq. (20)). A typical value for
h↑↓(0) is very close to −1 in the strong coupling regime.
This positions ω− typically at about 57% of the plasma
frequency. The remarkable relationship between ω− and
the Einstein frequency of the system has already been
observed by Goodman and Sjo¨lander [1]. Here, we note
that the existence of this link follows from the general
formalism of binary Coulomb systems [25]. It may be
observed that the lowest value of ω−, seems to occur in
the weak coupling limit when h↑↓ → 0 as rs → 0. This is,
however, misleading, since in this limit the electrons are
weakly coupled and rather than the QLCA it is the RPA
that is applicable. The opposite limit, where h↑↓ = −1,
i.e. g↑↓ = 0 is similar to the classical BIM. We observe
that the normal plasmon, Ω+, where the two spin com-
ponents oscillate in-phase is unaffected (it is still slightly
damped by Landau damping, which is not covered by the
QLCA model).
We now turn to comparing the spectral weights of the
two plasmon excitations. To do this one needs the col-
lective contribution to the partial DSF-s, SAB(k, ω) ∝
〈nA(k, ω)nB(k, ω)〉 /√nAnB, which are determined by
the imaginary part of the density-density response func-
tion, χ′′AB(k, ω) ≡ Im{χAB(k, ω)}. The elements of
χ′′AB(k, ω), calculated with the aid of the QLCA formal-
ism, are
χ′′AB(k, ω) =
√
nAnBk
2
m
Im{[ω2I−G(k, ω)]−1
AB
}. (11)
The Fluctuation-Dissipation theorem for the partial
4DSF-s of the spin-up/spin-down density fluctuation at
T = 0 provides the collective contribution to SAB(k, ω),
(we restrict the calculation to the vicinity of the OPO):
SAB(k, ω) = − ~
pi
√
nAnB
χ′′AB(k, ω). (12)
Then, a rather lengthy algebra yields, to lowest order
in ν and k, a Lorentzian distribution over ω2, centered
around ω2−
SAB(k, ω) =
~k2
pim
ωRAB(
ω2 − ω2−
)2
+ ω2(R11 +R22)2
. (13)
In view of eq. (4), all the elements of SAB are pro-
portional to c↑c↓ and S↑↑ = S↓↓ = −S↑↓, in keep-
ing with the out-of-phase character of the oscillations.
Consequently, the DSF of the total density fluctua-
tion vanishes S+ = c↑S↑↑ + c↓S↓↓ + 2
√
c↑c↓S↑↓ = 0.
This is expected, since the total density remains unaf-
fected by the out-of-phase oscillations of the spin densi-
ties. In contrast, all spin-resolved density fluctuations
and the magnetic DSF-s (constructed along the pat-
tern of the Bhatia-Thornton Scc formalism [33]) S− =
c↑c↓
(
c↓S↑↑ + c↑S↓↓ − 2√c↑c↓S↑↓
)
exhibit a well-defined
peak at ω−
S↑↑(k, ω−) = −S↑↓(k, ω−) = ~k
2
pim
c↑c↓
νω−
. (14)
We note that S−(k, ω) has its maximum in the unpolar-
ized state and vanishes in the fully polarized ferromag-
netic phase. Physically ν is related to the spin drag of
the HEG [29, 30]. In the absence of more physical infor-
mation on the relevant collision frequency, the important
point is that the strength has a finite value, accessible to
observation.
The existence of the OPO mode as part of the collec-
tive excitation spectrum should have a bearing on the
equilibrium properties of the HEG. It also must be ac-
commodated by the strict alliance of sum rules that guard
the totality of excitations in the system. To see how this
requirement can be satisfied we analyze the full dynam-
ics of the DSF-s. We invoke the Feynman Ansatz (FA)
[34], in a form modified to accommodate the features of
the current scenario. The original FA is based on the
assumptions (i) that at k = 0 the collective mode contri-
bution to the DSF assumes a delta function singularity,
and (ii) that there is no significant non-resonant contri-
bution to the DSF. In the binary system, however, there
is damping at k = 0 caused by the interspecies viscous
drag, and there is a non-resonant low frequency addition
to the spin-resolved DSF due to exchange [35]. In or-
der to account for these features we represent S+(k, ω)
and S−(k, ω), the density and magnetic DSF-s, as follows
(only the unpolarized state is covered in the sequel):
S+(k, ω) = A+(k)fτ (ω − ω+), (15)
S−(k, ω) = BS0(k, ω) +A−(k)fσ(ω − ω−). (16)
Here fτ,(σ)(ω−ω+,(−)) are normalized distributions, pos-
sessing finite frequency moments, characterized by width
τ(σ) (f0(x) = δ(x)), A±(k) = pia±k2, and
S0(k, ω) =
∑
p
δ (ω − ωpk)np [1− np+k] (17)
is the exchange contribution with ωpk = εp+k − εp and
εp = |p|2/2m. S0(k, ω) is calculated via the unperturbed
Fermi distribution (even though it is the actual np cor-
relational distribution that should be used here, it is ex-
pected that the error resulting from this replacement in
S0(k, ω) would be canceled by other higher order terms
[21, 36]. Calculating the p-th sum rule for p = 0, 1, 3
using eq. (16) we obtain
〈ω0〉 → 3
4
Bk + a−k2 = S−(k) (18)
〈ω1〉 → B ~k
2
m
+ a−ω−ξσk2 =
~k2
m
(19)
〈ω3〉 → O(k4) + a−ω3−ησk2 =
~k2
m
[
C−(k) +O(k2)
]
(20)
where C−(k) = C↑↑(k) − C↑↓(k) and CAB(k) are cal-
culated using eq. (2), and ξσ, ησ are algebraically deter-
mined functions of σ. The 〈ω3〉 sum rule is satisfied for
ω− given by eq. (10). For given values of ν and fσ(0)
we can determine the width σ from which we calculate
the function ησ, ξσ and obtain the amplitude B = ξσ/ησ
(necessarily < 1). With more information on the spin
drag coefficient the development of a numerically more
explicit model with more predictive value should become
possible.
What kind of physical observation, then, would be sen-
sitive to the existence of the OPO? In the absence of
density fluctuations one has to access the information
contained in the partial or magnetic response functions.
For this a spin-sensitive scattering experiment would be
required. In this scenario first the physical alignment of
the spins has to be accomplished by the application of a
weak magnetic field. Second, a circularly polarized elec-
tromagnetic wave (X-ray) [37], or spin-polarized neutron
beam for a scattering experiment can be contemplated.
Recent development in polarized X-ray sources [38], may
render such an experiment feasible. Polarized neutrons
have already been successfully employed to map mag-
netic structures in electron liquids [39]. The spin-resolved
density fluctuations predicted in the present work would
show a peak at ω− and therefore a scattering measure-
ment should reveal the possible existence of the OPO.
More detailed observation on the line shape would pro-
vide important information on the electron-electron col-
lision induced spin drag coefficient.
5Finally we wish to relate to a line of research on a
related collective excitation that has gained importance
recently and goes under the name of “spin-plasmon” (SP)
[3]. The similarity between the OPO and the SP is that
both modes represent out-of-phase oscillations of the up
and down spin densities. In contrast to the OPO, the SP
exists only in the strongly polarized state of the HEG,
when there is a substantial density difference between
the majority and minority spin populations. It is the en-
suing separation of the respective Fermi velocities that
makes the excitation of the SP possible. Thus, the SP
is not maintained by correlations and therefore it may
exist in the weakly coupled phase and can be described
within the RPA formalism. The mechanism of the SP
is very similar to the one responsible for the existence
of the ion acoustic mode in conventional plasmas with
disparate electron and ion temperatures: here the differ-
ence of the Fermi energies replaces the disparity of the
temperatures. For these reasons the frequency of the SP
is determined by the Fermi velocities of the components
and is independent of the correlation function and thus it
is quite different from the OPO frequency. It also should
be noted that the SP mechanism has been worked out for
the 2D HEG only: although it is plausible to assume that
the 3D scenario would not be substantially altered, the
different behaviors of the 2D and 3D Lindhard functions
may play an unexpected role. How the OPO and the
SP would relate to each other in a highly polarized and
strongly coupled system is a question of great interest
that would deserve further study.
In summary, we have shown the existence of a second
plasmon ω−, the OPO, in a strongly coupled electron
liquid. The OPO is maintained by the out-of-phase os-
cillations of the spin-up and spin-down components of the
electron liquid, but governed solely by the Coulomb inter-
action between the particles. However, it is the difference
between the parallel and anti-parallel spin density corre-
lation functions which is responsible for ω− being propor-
tional to the overlap (r = 0) (absolute) value of h↑↓(0),
which is an increasing function of the coupling parame-
ter, rs. The spectral weight of the mode is proportional
to the product of the spin-up and spin-down densities:
thus it vanishes in the completely polarized state. It has
a typical Lorentzian structure, with a peak value which,
again, depends on h↑↓(0). However, since the total den-
sity is not influenced by the relative oscillations of the
two components, the spectral weight is exhibited in the
magnetic DSF only, leaving the total density structure
function unaffected.
There are several physical ingredients that contribute
to the formation of this collective excitation. First, an
interacting many-particle system may always sustain rel-
ative oscillations between any, arbitrarily chosen group
of particles. Second, in the HEG the electron spin can
serve as an identifiable and observable marker of the two
components. Third, the fact that the spin has only two
quantum states, makes the system for the purpose of the
physical scenario involved here isomorphic to a classical
binary liquid. Fourth, in contrast to classical systems,
the quantum behavior makes it possible for the two-
particle wave-function to assume a non-vanishing value
at zero separation. Fifth, the strong coupling between
the electrons leads to their quasi-localization. None of
these relates to spin-spin interaction, ensuring that the
OPO is an excitation independent from conventional spin
waves.
We have estimated the range of rs values within which
the OPO manifests itself as rs = 10 − 60. Within this
range the electron liquid may become polarized: this has
no bearing on the k = 0 frequency of the mode, but it af-
fects its spectral weight with a tendency to quench it. We
estimate the typical value of ω− to be about 57% of the
normal plasmon frequency. The k-dependent dispersion
of ω−(k), similarly to the normal plasmon dispersion, is
the combination of a positive BG contribution governed
by the kinetic energy (with a value that can be deter-
mined by invoking a two-component third moment sum
rule) and a negative contribution, governed by the spin-
spin exchange-correlation energies. In a polarized state,
both of these factors are affected by the degree of polar-
ization. The damping of the mode in the long wavelength
limit is expected to be governed by electron-electron col-
lision induced spin drag [29, 30]
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1
In this supplement, we provide a detailed derivation of eq.(2) and eqs.(5)-(7) of the paper Correlation induced out-of-
phase plasmon in an electron liquid (arXiv:1609.09029). The starting point for the calculation is eq.(38) in [1] (Ref.[23(b)]
in the manuscript). The microscopic equation of motion for the ith particle of species A:
−mω2ξαA,i(ω) +
∑
B
∑
j
KαβAB,ijξ
β
B,j(ω) = ZAeEˆ
α(xA,i, ω) (1)
where ξαA,i(t) is the perturbed amplitude of the particle’s small excursion about its equilibrium site xA,i; Eˆ
α(xA,i, t) is the
full external electric field perturbation originating from external vector and scalar potential sources. Indices i, j, l enumerate
particles, A,B,C designate different species, α, β (µ, ν in [1]) are the 3D vector indices. We note that there is a slight change
in the notation. In [1] the indices A,B,C (α, β) are used as superscript (subscript) while in this supplemental material are
used as subscript (superscript). The reason for the change is so this supplemental material is consistent with the notation used
in the paper arXiv:1609.09209. The companion eq.(39) of [1] for KαβAB,ij takes account of the uniform neutralizing background
contribution and it shows the characteristic separation of the potential energy (1/2)
∑
A,B
∑
i,jK
αβ
AB,ijξ
α
A,iξ
β
B,j into its diagonal
(δABδij) and off-diagonal (1 − δABδij) contributions. The former originates from the displacement of a particle in a fixed
environment of the other particles, while the latter originates from the fluctuating environment.
In the first stage of the derivation, we introduce collective coordinates ξαA,q(ω) via the Fourier representation
ξαA,i(ω) =
1√
NAmA
∑
q
eiq·xA,iξαA,q(ω) (2)
This is formally similar to the coordinates used in the harmonic approximation of lattice vibrations. We then substitute eq. (2)
into eq. (1), multiply by eik·xA,i, and sum over the i particles comprising plasma species A to obtain
−mAω2
∑
p
nA,k−pξ
α
A,p(ω) +
∑
B
√
mANA
mBNB
∑
p
∑
i,j
e−ik·xA,ieip·xB,jKαβAB,ijξ
β
B,p(ω) =
ZAe
√
mANA
V
∑
p
nA,k−pEˆ
α(p, ω) (3)
2
∑
i,j
e−ik·xA,ieip·xB,jKαβAB,ij =
1
V
∑
ij
∑
q
qαqβ
{
(1− δABδij)φAB(q)e−i(k−q)·xA,ie−i(q−p)·xB,j
−δAB
[
δij
∑
C
φAC(q)e
−i(k−q)·xA,ieip·xB,jnC,q − φAA(q)nA,k−p
]}
(4)
=
1
V
∑
q
qαqβ
{
φAB(q) [nA,k−qnB,q−p − δABnA,k−p]
−δAB
[∑
C
φAC(q)nA,k−p−qnC,q − φAA(q)nA,k−p
]}
(5)
where nA,k−p =
∑
i e
−i(k−p)·xA,i is the usual microscopic density in the present classical derivation and φAB(q) = 4piZAZBe
2/q2
is the 3D Fourier transform of the Coulomb interaction between species A and B. Further development of eq. (5) gives∑
B
∑
p
∑
i,j
√
mAnA
mBnB
e−ik·xA,ieip·xB,jKαβAB,ijξ
β
B,p(ω) =
∑
B
∑
qp
√
mAnA
mBnB
1
V
qαqβ
{
φAB(q)nA,k−qnB,q−p − δAB
∑
C
φAC(q)nA,k−p−qnC,q
}
ξβB,p(ω) (6)
The principal assumption of the QLCA consists of replacing the nA,k−qnB,q−p and nA,k−p−qnC,q terms by their ensemble averages,
〈nA,k−p〉 = NAδk−p, (7)
〈nA,k−qnB,q−p〉 =
√
NANBSAB (|k− q|) δk−p +NANBδk−qδq−p, (8)
〈nA,k−q−pnC,q〉 =
√
NANCSAC (q) δk−p +NANCδk−pδq. (9)
Note: the product δk−p−qδq is equivalent to δk−pδq. Carrying out these operations amounts to replacing eq. (3) by
−mAω2
∑
p
〈nA,k−p〉 ξαA,p(ω) +
∑
B
√
mANA
mBNB
∑
p
〈
∑
i,j
e−ik·xA,ieip·xB,jKαβAB,ij〉 ξβB,p(ω) =
ZAe
√
mANA
V
∑
p
〈nA,k−p〉 Eˆα(p, ω)(10)
3
where ∑
B
√
mANA
mBNB
∑
p
〈
∑
i,j
e−ik·xA,ieip·xB,jKαβAB,ij〉 ξβB,p(ω)
=
1
V
∑
B
∑
qp
√
mAnA
mBnB
qαqβ
{
φAB(q) 〈nA,k−qnB,q−p〉 − δAB
∑
C
φAC(q) 〈nA,k−p−qnC,q〉
}
ξβB,p(ω) (11)
=
∑
B
∑
q
√
mAnA
mBnB
qαqβ
{
φAB(q) [
√
nAnBSAB (|k− q|) + nANBδk−q]
−δAB
∑
C
φAC(q) [
√
nAnCSAC (q) + nANCδq]
}
ξβB,k(ω) (12)
=
∑
B
∑
q
√
mAnA
mBnB
qαqβ
{
φAB(q) [nAnBhAB (|k− q|) +√nAnBδAB + nANBδk−q]
−δAB
∑
C
φAC(q) [nAnChAC (q) +
√
nAnCδAC + nANCδq]
}
ξβB,k(ω) (13)
=
∑
B
∑
q
√
mAnA
mBnB
qαqβ
{
φAB(q) [nAnBhAB (|k− q|) + nANBδk−q]
−δAB
∑
C
φAC(q) [nAnChAC (q) + nANCδq]
}
ξβB,k(ω) (14)
In going from eq. (12) to eq. (14), the static structure function have been replaced by the notationally more convenient
equilibirum pair correlation functions via, e.g.
SAB (|k− q|) = δAB +√nAnBhAB (|k− q|) . (15)
Note: In the first line of eq. (13) the term proportional to
√
nAnBδAB is cancelled by the term in the second line proportional
4
to −δAB
∑
C
√
nAnCδAC .
The QLCA equation of motion readily follows from substituting eq. (14) into eq. (10):
∑
B
{
ω2δABδ
αβ − CαβAB(k)
}
ξαB,k(ω) = −
ZAenA√
mANA
Eˆα(k, ω) (16)
CαβAB(k) =
√
nAnB
mAmB
1
V
∑
q
qαqβ
{
φAB(q) [hAB (|k− q|) + V δk−q]− δAB
∑
C
nC
nA
φAC(q)hAC(q)
}
(17)
=
√
nAnB
mAmB
kαkβφAB(k) +
√
nAnB
mAmB
1
V
∑
q
qαqβ
{
φAB(q)hAB (|k− q|)− δAB
∑
C
nC
nA
φAC(q)hAC(q)
}
. (18)
The next stage of the derivation consists in casting the dynamical matrix eq. (18) in a form where the equilibrium correlation
functions are functions of r in accordance with the more conventional notation.
5
CONVERSION OF DYNAMICAL MATRIX EQ.(18) TO r-SPACE REPRESENTATION
The conversion proceeds as follows:
1
V
∑
q
qαqβφAB(q)hAB (|k− q|) = 1
V
∑
q
qαqβhAB (|k− q|)
∫
d3rφAB(r)e
−iq·r
=
∫
d3rφAB(r)
1
V
∑
q
qαqβhAB (|k− q|) e−iq·r
= −
∫
d3rφAB(r)
∂2
∂rα∂rβ
1
V
∑
q
hAB (|k− q|) e−iq·r
= −
∫
d3rφAB(r)
∂2
∂rα∂rβ
[
e−ik·r
1
V
∑
q
hAB (|k− q|) ei(k−q)·r
]
= −
∫
d3rφAB(r)
∂2
∂rα∂rβ
[
e−ik·rhAB(r)
]
=
∫
d3r
[
∂
∂rα
φAB(r)
]
∂
∂rβ
[
e−ik·rhAB(r)
]
= −
∫
d3r
[
e−ik·rhAB(r)
] ∂2
∂rα∂rβ
φAB(r) (19)
1
V
∑
q
qαqβφAC(q)hAC (q) = −
∫
d3rhAC(r)
∂2
∂rα∂rβ
φAC(r). (20)
In the first and last line of eq. (19), replacement of h (|k− q|) by V δk−q and hAB(r) by unity provides
∫
d3re−ik·r
∂2
∂rα∂rβ
φAB(r) = −kαkβφAB(k) (21)
6
CαβAB(k) = −
√
nAnB
mAmB
∫
d3r
{
[1 + hAB(r)] e
−ik·r ∂
2
∂rα∂rβ
φAB(r)− δAB
∑
C
nC
nA
[1 + hAC(r)]
∂2
∂rα∂rβ
φAC(r)
}
+δABδ
αβ
∑
C
Ω2AC
3
(22)
= −
∫
d3r
4pi
{
ω2ABψ
αβ(r) [1 + hAB(r)] e
−ik·r − δAB
∑
C
Ω2ACψ
αβ(r) [1 + hAC(r)]
}
+ δABδ
αβ
∑
C
1
3
Ω2AC , (23)
where
ψαβ(r) =
∂2
∂rα∂rβ
1
r
=
1
r3
(
3
rαrβ
r2
− δαβ
)
− 4pi
3
δαβδ(r), (24)
ω2AB =
4pie2ZAZB
√
nAnB
m
, Ω2AC =
4pie2ZAZCnC
mA
. (25)
This completes the derivation of eq.(2) of the paper arXiv:1609.09029
LONGITUDINAL ELEMENTS
Here, only the longitudinal modes are of interest, in particular, their behavior at long wavelengths. Accordingly, the longi-
tudinal projection of eq. (23) gives the finite-k dynamical matrix
CLAB(k) = −
ω2AB
2
∫
∞
0
dr
r
{
[1 + hAB(r)]
[
4
sin(kr)
kr
+ 12
cos(kr)
(kr)2
− 12sin(kr)
(kr)3
]}
+
[
ω2AB
3
[1 + hAB(0)]− δAB
∑
C
Ω2AC
3
]
(26)
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At large rs and long wavelengths, we identify the dynamical matrix eq. (26) as the dominant contribution to the third-frequency-
moment sum rule for the binary spin liquid established by the authors
〈ω3〉AB =
∫ +∞
−∞
dω
pi
ω3 Im{χAB(k, ω)}
= −
√
nAnB
m
k2
[(
~k2
2m
)2
δAB + 3
k2
m
〈EkinA 〉 δAB + CLAB(k)
]
. (27)
In the long wavelength limit,
CLAB(k → 0) = ω2AB
{
2
3
+
1
3
[1 + hAB(0)]
}
− δAB
∑
C
Ω2AC
3
hAC(0) +
2
15
ω2ABk
2
∫
dr rhAB(r) (28)
then follows. In deriving eq. (28), we have divided the right-hand-side integral of eq. (26) into its RPA and correlational
contributions; each is then separately evaluated with the aid of the following formulas:∫
∞
0
dx
1
x
[
4
sin(x)
x
+ 12
cos(x)
x2
− 12sin(x)
x3
]
= −4
3
(29)
lim
k→0
[
4
sin(kr)
kr
+ 12
cos(kr)
(kr)2
− 12sin(kr)
(kr)3
]
= − 4
15
k2r2. (30)
Matrix elements in eq.(5), (6), and (7) of the paper arXiv:1609.09029 readily follow from eq. (28).
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